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Abstract Keywords 
The principle of maximum pressure for subsonic 
stationary three-dimensional vortex flows of an ideal 
gas (author Sizykh G.B., 2018) is applied to verify the 
calculation method and its implementation on a 
specific computer technology. The four criteria for 
solution’s verification are proposed. The method for 
obtaining flow parameters is based on solving of 
discrete analogs of the Navier — Stokes system  
of equations on three-dimensional non-structured 
computational meshes. For example, there was 
consider the vortex tear-off flow around the fuselage  
of a helicopter with an empennage and landing gear  
at obviously insufficient computing resources. 
Conclusions of the feasibility of applying the author’s 
criteria for evaluation of a particular calculation and 
for estimation of reliability of the results have been 
made 
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Introduction. The methods of computational aerohydromechanics within the 
framework of grid approaches realize the solution of initial-boundary value 
problems for nonlinear partial differential equations on a specific computing 
technique. The correctness of the boundary value problems being solved (with 
the exception of the simplest ones) has no proof, and the convergence of the 
numerical solution to the solution of the original boundary value problem is 
proved only in the linear case (Lax theorem). In most cases, the available 
computing power is not enough for full verification, that is, evidence that the 
solution obtained depends only on the physical parameters of the problem and 
does not depend on the parameters of the numerical scheme (dimensions of the 



Using the Maximum Pressure Principle for Verification of Calculation of Stationary Subsonic Flow  

ISSN 0236-3941. Вестник МГТУ им. Н.Э. Баумана. Сер. Машиностроение. 2019. № 6 5 

computational domain for external aerodynamics problems, mesh conden-
sation, number of iterations). Therefore, any additional way of checking the 
adequacy of the calculation results to the solution of the initial boundary value 
problem, as well as the possibility of identifying weaknesses in its numerical 
implementation, is of value. 

Verification methods can be conditionally divided into two types. The first 
is a comparison of the obtained solution with a known exact solution or with a 
solution obtained by another, well-established numerical method. For example, 
the calculation method within the framework of the Neumann boundary value 
problem for the complete equation with respect to the velocity potential can be 
verified using exact solutions for the jumpless flow around the aerodynamic 
profile with a local supersonic zone [1]. The second type is verification of the 
implementation of known patterns. For example, when solving problems in the 
potential approximation, it is possible to verify by checking the condition that 
the velocity circulation is equal to zero along the contours of all cells of the 
computational grid and the mass flow through their boundaries; in the case of 
adiabatic flows, the entropy is constant for each computational node. 

In this paper, as an additional verification of numerical methods for 
calculating the flow of a viscous gas, we use the consequences of the maximum 
pressure principle [2]. In the most complex viscous gas flows, there are zones in 
which a simpler boundary-value problem can be solved, for example, laminar 
sections in a turbulent flow, flow areas where viscosity or compressibility can be 
neglected, and stationary zones. If there are zones in the flow field that are 
simulated with high accuracy in the framework of the boundary value problem 
for Euler equations, then the consequences of these equations must also be 
fulfilled. 

The principle of maximum pressure and criteria for independent 
verification. The first theorems on extreme pressure values resulting from the 
equations of fluid motion include Rowland's theorems [3] for an ideal income-
pressible fluid. Poincare [4] for an incompressible fluid in a gravitational field 
created by the fluid itself, and Hamel [5] for viscous incompressible fluid [6]. In 
these theorems, statements are made about the minimum or maximum pressure 
depending on the sign of the parameter Q, the expression for which includes 
only the first spatial derivatives of the velocity components, which is convenient 
for verifying numerical solutions because it reduces the requirements on the 
order of approximation accuracy and on the fineness of the grid step in 
determining sign of the parameter Q. These theorems relate to an income-
pressible fluid and are not applicable to gas. 
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In [7], the maximum principle was obtained for the quantity dp  in 
barotropic gas flows, the calculation of which uses the values of the second 
derivatives of the velocity components. Compared with the conditions of 
Hamel’s theorem [4] (for an incompressible fluid), these quantities contain the 
“additional” term tI + ,v I  where div ,I v  which contains the second 
spatial derivatives of the velocity components. In addition, the theorems [7] 
were proved only for a barotropic gas f ( ),P  that substantially narrows the 
class of flows under consideration. 

In this paper [2], the principle of maximum pressure in stationary subsonic 
vortex flows of an ideal gas is obtained. The conditions of this maximum 
principle include only the parameter Q (more precisely, only its sign). In this 
case, the flow can be non-barotropic, i.e., the entropy function, remaining 
constant along the streamline, canbe different on different streamlines. Accor-
dingly, energy along the streamline is conserved. The maximum principle [2] 
differs from the maximum principle obtained by Schiffman [8] in that the 
Schiffman principle does not apply to pressure but to velocity and is proved only 
for barotropic and vortex-free flows [9], while that obtained in [2] the principle 
of maximum pressure can also be used to verify the calculations of non-
barotropic vortex gas flows. 

The interfaces of many software systems (see, for example, [10–13]) contain 
the possibility of constructing parameter level surfaces Q: 

0.5 : : .ij ij ij ijQ S S  
Where the sign :  means the convolution of tensors, 

0.5ij i j j iu x u x  and 0.5ij i j j iS u x u x  

are antisymmetric vorticity tensor and symmetric strain rate tensor. 
We consider the stationary subsonic flow of an ideal gas in a certain 

bounded closed region G , which is described by the Euler equations written in 
the form [4]: 

21 1 ;
2

v p V g  

rot ;v  
)div ( 0,v  

where  is density; p is pressure; v is velocity; V = |v| is module of velocity; g is 
gravitational acceleration. The pressure p and the density  are related by the 
relation ,kp  where k is the adiabatic exponent;  is the entropy function.  
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It can be different on different streamlines, but is maintained along each specific 
streamline 

0.kv p  

The flow is assumed to be subsonic, i.e., it is believed that the velocity V at 
each point in the field G  is less than the local speed of sound :k p  

1.M V k p  

In the field G  all hydrodynamic parameters are assumed to be twice 
continuously differentiable coordinate functions.  

It was proved in [2] that under these conditions the following principle of 
pressure maximum is satisfied: if at all points of the domain G, including 
boundaries 0,Q  then at the internal point G  the pressure cannot have a local 
minimum; if 0,Q  then at the internal point G  the pressure cannot have a local 
maximum. It is not only about the impossibility of achieving strict extrema, but 
also the impossibility of achieving non-stringent extrema at the internal point .G  

The presence in the expression for Q of only the first derivatives of the 
velocity components makes it possible to determine the sign of Q even for 
numerical solutions obtained by low-order approximation methods. Moreover, 
the fact of the presence of a local minimum or a local maximum of pressure in a 
certain region of the flow is determined by the usual “enumeration” of values at 
the nodes of the computational grid.  

Based on the principle of maximum pressure, G.B. Sizykh for the 
verification of numerical methods of a wide class and their specific 
implementations, the following criteria are proposed. 

Criterion 1. The positivity of Q in the nuclei of vortices. Since there is a 
rarefaction in the core of the vortex, a local minimum of pressure (otherwise the 
vortex would not exist), then Q < 0 indicates a violation of the principle of 
maximum pressure. 

Criterion 2. The positivity of Q in the regions of flow separation. Since the 
separation region is characterized by low pressure (source of bottom resistance), 
Q < 0 indicates a violation of the principle of maximum pressure. Therefore, it 
should be checked that the condition Q > 0 is satisfied inside these zones. 

Criterion 3. The absence of sharp oscillations of Q in the flow region. The 
presence of oscillations indicates a sharp anisotropy of the flow and, as a 
consequence, incorrect linear models of gradient diffusion, which are the basis 
for the usual closure models. In addition, the introduction of coherent structures 
into equilibrium turbulence violates the ergodicity hypothesis, on which the 
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averaging of the Navier — Stokes equations by Reynolds is based. Sharp 
oscillations indicate an excess of the measure of this violation in a specific 
implementation of the numerical method. 

In zones far from the “sources” of vorticity, the flow can be vortex, but the 
viscosity of the gas can be neglected and its motion described by Euler 
equations. In such zones, the maximum pressure principle obtained in [2] is 
valid and can be used to verify calculations of viscous gas flows. Such 
verification was carried out during the numerical simulation of the flow around 
the layout of the helicopter fuselage + plumage + landing gear without a rotor.  

The solution of the rotor translational motion problem requires additional 
justification, since it is solved in a non-inertial coordinate system that rotates 
with the rotor, which deprives the ergodicity system on which the averaging of 
the Navier — Stokes Reynolds equations (RANS) is based. In addition, in this 
coordinate system there is no isotropy, on which linear gradient diffusion 
models are based. 

Calculation method. The boundary-value problem for RANS is solved with 
a two-parameter SST closure model combining k–  (in the flow field) and k–  
(near the body) of the model. In models of this class, the closure of the 
governing equations is carried out using two transport equations. The “exact” 
expression for k and the “semi-empirical” differential equation for the 
turbulence dissipation rate  are used. The quantity  plays a decisive role in the 
structure of turbulence, since it is associated with the flow of energy of turbulent 
pulsations along the cascade of vortices (energy sink) and characterizes the 
frequency of turbulent pulsations / .k  To find correlations u ui j  (the 
bar means Reynolds averaging) second-order partial differential equations are 
solved. Since k  and  in some cases numerical implementation can take on 
very small or too large values (“poor conditionality”), in k  the model can 
arise the problems with accuracy and stability of calculations. In order to 
eliminate them, a class of k–  models used in the composite SST circuit model 
has been introduced. The hypothesis of isotropic linear gradient diffusion with 
all the disadvantages arising from this is used.  

Reynolds averaging is based on a modern understanding of turbulence as a 
combination of weakly correlating vortex movements. Despite the intermittency 
and random distribution over a wide range of spatial and temporal scales, 
turbulence actually consists of local vortices that interact with each other during 
movement. 

Part of the energy spectrum is resolved explicitly, while the other is taken into 
account using approximate modeling. When calculating the parameters of 
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turbulent flows using two-parameter turbulence models during interpolation, at 
the initial stages of the calculation, k and/or  and/or  can take negative values, as 
a result of which the solution is corrected so that they remain positive. Strong 
nonlinear relationship between equations can lead to instability of the multigrid 
method.  

The presence of regions containing many fragments Q < 0 in the zone of 
formation of vortex structures indicates a violation of local isotropy, which 
reduces the accuracy of closure models and indicates insufficient power of the 
computational grid. 

Calculation results. The calculations of the fuselage + vertical tail (VT) +  
+ horizontal tail (HT) + landing gear (Fig. 1) were performed using the  

EWT-TsAGI computer code [14] using a second-order approximation scheme 
in space. A stationary solution is constructed using the establishment method. 
Detailed thickening in the area of the streamlined body location made it possible 
to describe in more detail the flow, especially the area of stern separation and the 
near wake, which significantly affect the field of bevels of the stream in the area 
of the streamlined body (Fig. 2). 

The number of nodes of the computational grid (9 853 000) and the 
dimensions of the computational domain (distance to the boundaries of 15–20 
characteristic sizes of the problem) are obviously insufficient to solve the 
problem of this level of complexity. This makes the additional method of 
verification and identification of weaknesses in the numerical implementation of 

Fig. 1. The appearance of the layout of the helicopter and the position  
of the points Pmin and Pmax, starting with the hundredth iteration (the front edge  

of the landing gear and the rear edge of VT) 
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Fig. 2. Field of numbers M in the plane of symmetry (  = 8 ) 
 
the method particularly influential, affecting both the accuracy of determining 
the integral characteristics (primarily aerodynamic drag) and the modeling of 
individual flow fragments.  

The calculations were performed at the free-stream Mach number M = 0.3, 
static pressure Pstat = 101 325 Pa and the temperature 288.15 K atmosphere. The 
characteristic area for dimensionlessness when calculating the integral 
characteristics of 1 m2. 

In Fig. 3–5 show the results of the calculation of the flow around at zero 
values of the angles of attack (  = 0) and slip (  = 0). It is assumed that the 
symmetry of the boundary conditions corresponds to a symmetric flow field. In 
Fig. 3 shows half the surface of the fuselage and the surface Q = 0, visualizing 
vortices. Inside the vortices, the pressure is reduced. Criterion 1 is fulfilled in 
these zones only with a sufficient density of the computational grids and a 
sufficiently large size of the computational domain. 

Fig. 3. The investigated layout and surfaces Q = 0, visualizing vortex structures 
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Fig. 4. Pressure coefficient Cp and streamlines in the plane of symmetry 

Fig. 5. The field of Mach numbers in the plane of symmetry 
 
Starting with the hundredth iteration, the position of the minimum and 

maximum pressure points is stabilized (see Fig. 1). After the convergence of the 
solution Pmin  – Pstat = –25 009.5 Pa, Pmin – Pstat = 7423.15 Pa. At all iterations, 
the points of pressure extremum lie on the boundaries of the flow (on the 
surface of the streamlined body), which corresponds to the maximum principle 
and speaks in favor of the correctness of the problem being solved and the 
implemented algorithm for its solution (Criterion 4).  

The point of the maximum value of the characteristic Q is located on the 
front edge of the chassis Qmax = 1.66 · 1012 s–2, the pressure at this point is  

PQmax = PQmax – Pstat = –9410.92 Pa. The point of the minimum value of the 
characteristic Q is located at the trailing edge of the horizontal tail Qmin =  
= –2.96 · 1011 s–2, PQmin = PQmin – Pstat = –4107.52 Pa. 
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The pattern of streamlines in the plane of symmetry (Fig. 4) indicates the 
presence of a gap in the lower part of the aft fuselage region, where, by virtue of 
a local decrease in pressure, the criterion must be fulfilled 2. 

In Fig. 6, a–c show surfaces Q = 0 at 1, 3, 5, 20, 1000 iterations of the solution. 
The table shows the minimum and maximum values of the parameter Q in the 
flow field for these solutions and the pressure values at these points. One can see 
the generation of vortices at the boundaries of the grid condensation, as well as 
vortices arising when the initial field is specified (Fig. 6, a). 

 

 
 

Fig. 6. Surfaces Q = 0 at iterations 1 and 3 (a), 5 and 20 (b) and at the thousandth 
iteration (converged solution) (c) 
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Values of characteristics Q and pressure at iterations  

Niter Qmax, s–2 Qmin, s–2 PQmax, Pa PQmin, Pa 

1 1.55E + 12 –1.72E + 11 91 192.5 91 192.5 
3 5.95E + 12 –6.56E + 11 99 460.67 96 731.68 
5 5.60E + 12 –5.44E + 11 98 490.7 99 641.43 

20 1.97E + 12 –7.50E + 11 87 411.2 98 118.47 
1000 1.64E + 12 – 88 664.4 93 990.66 

 Strong diffusion of vortices in the near wake (Fig. 6, b) indicates the 
insufficient size of the computational domain, which in particular reduces the 
accuracy of determining the integral characteristics. The converged solution 
(Fig. 6, c) demonstrates the destruction of the vortex wake at a distance of the 
order of three lengths of the streamlined body, which cannot but affect the 
accuracy of determining the forces and moments and indicates the need to 
increase the distance to the exit boundary and/or power of the grid. 

In Fig. 7 shows the cross sections x = const of the surfaces Q = 0 for the last 
solution. The flat contours Q = 0 are filled with pressure fields (left) and fields  
Q > 0 (right). It can be seen that inside the vortex structures, where the pressure 
is lowered, criterion 1 is satisfied. The appearance of subdomains inside the 
vortex structures and in the area of fodder separation, where Q < 0 (Fig. 8), 
indicates a violation of criteria 1 and 2, which indicates insufficient accuracy of 
the solution in the fodder area, and due to the ellipticity of the problem, then in 
the entire flow field. 

Fig. 7. The pressure fields (left) and the Q-characteristic (right) inside the contours 
formed by the intersection of the surfaces Q = 0 and the planes x = const 
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Fig. 8. The fields of the parameter Q inside the contours formed by the intersection  
of the surfaces Q = 0 and the planes x = const 

 
Conclusion. Along with existing verification methods, it is proposed to use 

Criteria 1–3 based on the principle of maximum pressure proposed in [2] as 
additional criteria for the accuracy of methods for calculating stationary flows, 
according to which surfaces divide the flow region into subdomains where, in 
which there can be no local pressure maximum, and where there can be no local 
minimum.  

Criterion 1. The positivity of Q in the nuclei of vortices. Criterion 2.  
The positivity of Q in the regions of flow separation. Criterion 3. The absence of 
sharp oscillations of Q in the flow region. Criterion 4 (optional). The points of 
pressure extremum lie on the boundaries of the flow. In this paper, the authors 
show the application of these criteria to assess the quality of the calculation (the 
adequacy of the size of the computational domain, the density of the grid, the 
number of iterations) of a particular implementation of the method using 
available computer technology. 

In order to increase the accuracy of calculating the integral characteristics in 
this case, it is necessary to increase the size of the computational domain, first of 
all, behind the streamlined body and/or increase the number of nodes of the 
computational grid, since the fast numerical diffusion of vortices in the near 
wake substantially affects the field of the bevels of the flow in the layout field.  

Validation of the calculation results according to the data of a pipe 
experiment, as shown by the authors’ experience, makes it possible to achieve a 
matching drag in the calculation with the experiment, due to an increase in the 
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flow energy of turbulence. The degree of turbulence in the calculation may exceed 
the degree of turbulence of the flow at the entrance to the working part declared in 
the passport of the wind tunnel in the absence of a model. However, the course of 
the curves along the angle of attack, both for the drag coefficient and for the lifting 
force and longitudinal moment, can be corrected in the right direction (to 
improve coordination with experience) only by increasing the resolution 
(calculation quality) of the near vortex wake, for which, in particular, intended 
criteria, obtained on the basis of the principle of maximum pressure G.B. Sizykh. 

Translated by K. Zykova 
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